DUAL 

NUMBERS 



W B VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 



Dual Numbers 



W. B. Vasantha Kandasamy 
Florentin Smarandache 



ZIP PUBLISHING 
Ohio 
2012 




This book can be ordered from: 



Zip Publishing 
1313 Chesapeake Ave. 

Columbus, Ohio 43212, USA 
Toll Free: (614)485-0721 
E-mail: info@zippublishing.com 
Website: www.zippublishing.com 



Copyright 2012 by Zip Publishing and the Authors 



Peer reviewers: 

Prof. Cai Wen, Institute of Extenics and Innovative Methods, Guangzhou, 
Guangdong University of Technology, P.R. China. 

Prof. Yang Chunyan, Institute of Extenics and Innovative Methods, Guangzhou, 
P.R. China. 

Prof. Weihua Li, Institute of Extenics and Innovative Methods, Guangzhou, 

P.R. China. 

Prof. Xingsen Li, Zhejiang University, Zhejiang, P.R. China 



Many books can be downloaded from the following 
Digital Library of Science: 

http ://www.gallup .unm.edu/~smarandache/ eBooks-otherformats .htm 



ISBN-13: 978-1-59973-184-1 
EAN: 9781599731841 



Printed in the United States of America 



2 



CONTENTS 

Dedication 5 

Preface 7 

Chapter One 

INIHDBUCIKJN 9 

Chapter Two 

DQYLNUVEERS 11 

Chapter Three 

1DG1 ER IXVEN5iONAL DUAL NllVEERS 55 

Chapter Four 

DLAL INTERVAL NUVEERS 

AND INTERVAL DLAL NLMlfllS 89 



3 




Chapter Five 

MTUCATIQN OF THESE 
NEW TYPES OF DUAL NUVEERS 



129 



Chapter Six 




SUGGESTED PRDBLBVB 


131 


FURTHER REAONG 


153 


INDEX 


156 


ABOUT THE AUTHORS 


159 



4 




KATEON 



I 31 







William Kingdon Clifford 

( 1845 - 1879 ) 








We dedicate this book to 
William Kingdon Clifford (1845-1879), 

English mathematician and philosopher 
who invented dual numbers. 

Though he died really young, 
he left a profound and lasting impact 
on this world. 

Remembered today for his work 
on Clifford Algebras and 
his theory of graphs, 
he has been acknowledged 
for anticipating and foreshadowing 
several modern concepts. 

His pioneering ideas on the Space-Theory of Matter 
played a significant role in 

Albert Einstein's development of the Theory of Relativity. 

The authors take pride in remembering WK Clifford, a 
mathematician whose work was highly influential. 
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PREFACE 



Dual numbers was first introduced by W.K. Clifford in 1873. This 
nice concept has lots of applications; to screw systems, modeling plane 
joint, iterative methods for displacement analysis of spatial mechanisms, 
inertial force analysis of spatial mechanisms etc. 

In this book the authors study dual numbers in a special way. The 
main aim of this book is to find rich sources of new elements g such that 
g 2 = 0. The main sources of such new elements are from Z n , n a 
composite number. We give algebraic structures on them. 

This book is organized into six chapters. The final chapter suggests 
several research level problems. Fifth chapter indicates the applications 
of dual numbers. The forth chapter introduces the concept of interval 
dual numbers, we also extend it to the concept of neutrosophic and 
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fuzzy dual numbers. Higher dimensional dual numbers are defined, 
described and developed in chapter three. Chapter two gives means and 
methods to construct the new element g such that g 2 = 0. The authors 
feel Z n (n a composite positive integer) is a rich source for getting new 
element, the main component of the dual number x = a + bg. 

We thank Dr. K.Kandasamy for proof reading and being extremely 
supportive. 



W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 




Chapter One 



INIK3DUCIJON 



In this book the authors study more properties about dual 
numbers. This concept was first defined / described by W.K. 
Clifford in 1873. Applications of this were studied by A.P. 
Kotelnikov in 1895. 

Here we develop algebraic structures on dual numbers and 
give means to generate dual numbers. Further higher 
dimensional dual numbers are defined. We further define 
interval dual numbers, fuzzy dual numbers, neutrosophic dual 
numbers and finite complex modulo integer neutrosophic dual 
numbers. 

We give here the references which would be essential to 
read this book. 

In the first place we make use of semigroups, semirings and 
semivector spaces [17-19]. Also the notion of null semigroup 
and null rings are used [20]. We also make use of the modulo 
integers and finite complex modulo integers [15]. 

Finally the concept of neutrosophic numbers are used [10, 
17]. The notion of natural class of intervals and neutrosophic 
class of intervals and their fuzzy analogue are used for which 
the reader is requested to refer [17]. 
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However we in this book use the dual number x = a + bg 
where g is a new element such that g 2 = 0 and so all powers are 
zero, that is g 3 = g 4 = g 5 = . . . = g n = . . . = 0 and Og = gO = 0, 
where a and b are reals for the given x; a and b are uniquely 
determined pair [2, 8]. 

We define x = xi + x 2 gi + x 3 g 2 where Xi, x 2 and x 3 are reals; 
gi and g 2 are new elements such that gf = 0 and g 2 2 = 0 with 
gi x g 2 = g 2 x gi = 0 to be a three dimensional dual number. 

Suppose x = X! + x 2 gi + x 3 g 2 + ... + x n g n _i where x;’s are 
reals 1 < i < n, gj’s are new elements; 1 < j < n — 1 such that 
g 2 = 0 with gjgi = g;gj = 0 if i =£ j; 1 < i, j < n - 1 we define x to 

be a n-dimensional dual number. We generate dual numbers of 
any desired dimension using m x n matrices, m and n are finite 
integers such that m > 1 and n > 1 . 




Dual Numbers 1 1 



Chapter Two 



IXialNuvbers 



In this chapter we introduce a new notion called general dual 
number ring and derive a few properties about them. These 
dual number general ring can be ring of matrices or 
polynomials. 

DEFINITION 2.1: A commutative ring R is said to be a general 
dual number commutative ring if even > element in R is of the 
form a + be where a, b £ R and e is a new element such that 
e~ = (0) and this e is unique and e ^ 0. 

We will first illustrate this situation by some examples. 

Example 2.1: Let Z be the ring of integers. G = { {0, 1, 2} c Z 4 
where g 2 = 2 so that g 2 2 = 2 2 = 0 (mod 4) and gi = 1} be the 
semigroup under product, where g 2 is the new element. ZG be 
the semigroup ring of the semigroup G over the ring Z with a.O 
= 0 and a. 1 = a for all a e Z. ZG = {a + bg 2 | a, b e Z and g 2 e 
G} is a ring such that (a + bg 2 ) 2 = a 2 + b 2 g; + 2abg 2 = a 2 + 
2abg 2 . RS is a general dual number ring. 
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Example 2.2: Let R be the ring of reals. 

S = {{0, 1, 3} c Z 9 1 3 2 = 0 (mod 9) denote 1 by hi = 1, 3 by h 3 }, 
h 3 is the new element. S is a semigroup under product. RS be 
the semigroup ring. RS = {a + bh 3 a, b e R, h 3 e S, h 2 = 0} is 
a general dual number ring. 

Example 2.3: Let Q be the field of rationals. 

T = {{0, 1, 4} cr Zi6 with the notion L = 1, 4 = t 4 }; t 4 is the 
new element of the semigroup under multiplication modulo 16. 
QT the semigroup ring is a general dual number ring. 

These three dual general number rings are of infinite order. 

THEOREM 2.1: Let R be a commutative ring of characteristic 
zero with unit (that is R = Q or Z or R only). 

S = {1, g, 0 | g 2 = 0} be a semigroup under product, with g 
the new element. RS be the semigroup ring. RS is a dual 
number general ring. 

Proof: RS = {a + bg | a, b e R}, we see every x e RS is such 
that x = a + bg with g 2 = 0. Further if x = a + bg and y = c + dg 
then; 

x + y = (a + bg) + (c + dg) 

= (a + c) + (b + d)g e R. 
xy = (a + bg) (c + dg) 

= ac + beg + dag + dbg 2 
= ac + (be + da) g e R. 

Also x 2 = (a + bg) 2 

= a 2 + b 2 g 2 + 2abg 
= a 2 + 2bag. 

Thus RS is a ring in which every element is of the form a + 
bg with g 2 = 0 and a, b g RS as R c RS and S c RS. Hence RS 
is a general dual number ring. 

We now proceed onto define modulo dual numbers. 
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DEFINITION 2.2: Let x = a + bg be such that a, b e Z n l {0} 
(1 < n < co) be the modulo integers and g be such that g" = 0, 
g a new element. We define x = a + bg to be the dual modulo 
numbers if both a and b are modulo numbers. 

Example 2.4: Let x = a + bg where g = 10 (mod 100) g Zioo 
and a, b e Z 7 \ {0}. Every x = a + bg is such that g 2 = 100 (mod 
100) = 0 is a dual modulo number as a and b are modulo 
integers. 

We now define dual general modulo number ring. 

DEFINITION 2.3: Let F = Zp (p an odd prime) be a finite field. 
S = {0, 1, g | l.g = g.l = g and g" = 0} be a semigroup under 
product. FS be the semigroup ring of the semigroup S over the 
field F. Ever y element a + bg in FS with a ^0 and b ^0 in F is 
such that ( a+bg ) 2 = a 2 + 2abg = c+dg, c, g e F is a dual 
modulo element and the ring FS is defined as the general dual 
modulo integer ring. 

We illustrate this situation by some example. 

Example 2.5: Let F = Z 5 be the field of characteristic five. 
S = {0, 1, g = 9 | 9 g Z 8 i} be a semigroup under product. The 
semigroup ring FS is a general dual modulo number ring. 

Example 2.6: Let F = Z 23 be the field of characteristic twenty 
three. S={0, l,4 = g|g = 4G Z 16 } be a semigroup under 
product. FS the semigroup ring is a general dual modulo integer 
number ring. For every element a + bg (a, b g Z 2 3 \ {0}) is a 
dual element of FS. 

The following results are interesting and important while 
working with dual numbers. 

THEOREM 2.2: Let S be a general dual number ring. Suppose 
a + bg and d + eg are elements in S with a, b, d, e e S 1 {0} and 
g 2 = 0 then the sum of (a + bg) + (d + eg) in general need not 
be of the form x + yg (x,y g S \ {0}). 
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Proof: We have two cases to deal with 

(1) S is an infinite general dual number ring. 

(2) S is a finite modulo integer general dual number 
ring. 

Case 1: Suppose S is an infinite general dual ring. We know 

(S, +) is an abelian group. Thus if a + bg e S (a, b e S \ {0}) 
then -a + b,g e S (-a, b t e S \ {0}). 

a! + (-bg) g S (a b -b e S \ {0}) and -a -bg e S. 

Now (a + bg) + (-a + big) = (b+bi)g e S but (b + bi)g is not 
of the form x + yg. 

Likewise we see a + bg and a! + -bg e S and 
(a + bg) + (ai - bg) = (a + ai) e S but (a + ai) is not in the 
form x + yg. 

Finally (a + bg) and -a -bg is in S and their sum is 0. Thus 
the sum of two dual numbers in general is not be a dual number. 

Case (ii): Suppose S be a finite modulo integer general dual 

number ring. 

Let a + bg be in S such that a,beS\{0}. 

Consider (n-l)a + big e S, with bi * (n-l)b eS\{0}. 

We see a + bg + (n-l)a + bi g 

= (a + (n-l)a + (b+bi)g) (mod n) 

= 0 + (bi + b)g (mod n). 

Thus (bi + b)g is not a dual number. 

Likewise for a + bg (a, b e S \ {0}) take ai + (n-1) bg e S, 
we see a + bg + a! + (n-l)bg = (a + a^ (mod n) where 
a! & (n-1) a and is in S \ {0}. 



Hence the claim. 
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Finally for a + bg we have (n-l)a + (n-l)bg in S is such 
that a + bg + (n-l)a + (n-l)bg (mod n) = 0. Thus we see sum 
of two general dual numbers in general is not a dual number. 

We will however in the later part of the book develop an 
algebraic structure different from a ring where the sum of two 
dual numbers is also a dual number. 

Example 2.7: Let F = Q the field of rationals. 

S = {0, 1, 8 = g | g = 8 g Z 16 } be a semigroup under 
product. FS be the semigroup ring of the semigroup S over the 
ring F. 

Consider 5 + 8g in S, we see -5 + 9g g S is such that 
5 + 8g + (-5 + 9g) = 17g g S and 17g is not a general dual 
number. 

Likewise 12 + 15g and -3 + (— 1 5 g) g S but their sum 
12+(-3) + (15g) + (— 15g) = 9 g S is not a general dual number. 

Example 2.8: Let F = Zn be the field of characteristic 17. 
S = {0, l,g = 6|g = 6G Z 12 } be a semigroup under product. 
FS be the semigroup ring. Consider 8 + g and 9 + 3g g FS; we 
see their sum (8 + g) + (9 + 3g) (mod 17) = 4g g FS but 4g is 
not a general dual number. 

THEOREM 2.3: Let FS be a general dual number semigroup 
ring where F is a field. Suppose a + bg and x + dg e FS then 
(a + bg) (x + dg) is a general dual number if and only if 
bx + ad ^0 (or bx ad ) a, b, x, d e F 1 {()}. 

Proof: Suppose a + bg and x + dg g FS with (a, b, x, d g F \ 
{0}), then (a + bg) (x + dg) = ax + (bx + ad)g. 

ax + (bx + ad)g is a general dual number if and only if 
bx + ad ^ 0 since ax ^ 0 as a, x g F \ {0} and F is a field. 

Corollary 2.1: If F is not a field but a ring with zero divisors 
the above result is not valid. 
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Throughout this chapter we have assumed F to be Z or Q or 
R or Z p (p a prime) and never a ring with zero divisors. 

Can we define a dual number ring P = {a + bg | a, b e F \ {0} }? 

The answer is no for if we assume P to have a ring structure 
it becomes essential that (P, +) is an abelian group which in turn 
forces for every a + bg we need c + dg e P such that 
(a + bg) + (c + dg) = (a + c) + (b + d)g and 

(a + bg) (c+dg) = ac + (be + da)g are in P, but it is natural a 
+ c = 0 and or b + d = 0 can occur likewise be + da = 0 or ac = 0 
can also occur so even if b + d = 0 or be + da = 0 we have in P 
the number associated with g viz b is 0 hence P cannot be a dual 
ring it can only be a general dual ring that is in P we allow a e P 
and bg e P (a, b e F \ {0}). 

Flowever we have algebraic structures P in which every 
element is of the form a + bg where a and b are different from 0 
and g is a new element such that g 2 = 0 and that P will not be a 
ring. This concept will be discussed in this book. 

Note we call a + bg to be a dual number and we demand 
both a and b to be numbers and g such that g 2 = 0 where g is a 
new element. Infact we have infinite collection of general dual 
number rings which are constructured using semigroups and 
rings Z or Q or R or Z p (p a prime). 

We now proceed onto define dual number matrix and dual 
number polynomials. 

DEFINITION 2.4: Let x = a + bg be such that a = (a I, ..., a n ) 
and b = (bi, ..., b„) where a i} bj £ R or Z or Q or Z p (p a prime), 
with g a new element such that g = 0. We define x = a + bg to 
be a general dual row vector (matrix) number if x 2 = c + dg, 
c and d are non zero row matrices. 

First we will illustrate this situation by some simple 
examples. 
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Example 2.9: Let x = (3, 7, 8, 1, 5) + (9, 1, 0, 2, -l)g where 
g = 7 g Z 49 . The row matrix takes its values from Z. We see 
x 2 = (9, 49, 64, 1, 25) + 2 (27, 7, 0, 2, -5)g = (9, 49, 64, 1, 25) + 
(54, 14, 0, 4, — 1 0)g (since g is such that g 2 = 0 (mod 49)), x is a 
general row matrix dual number. 

Example 2.10: Let x = (3, 5, 1, 2) + (-4, 3, -7, 9)g where g = 3 
g Z 9 be a general row matrix dual number. 

A natural question would be, can g be a matrix which we 
have considered. The answer is yet but it will only be a general 
dual number provided the numbers are from Z or Q or R. 

We will only illustrate this situation by some examples. 

Example 2.11: Let x = 9 + 8 (3, 6, 0) where (3, 6, 0 g Z 9 ), 9, 8 
g Z. x is a dual number for the new element is such that 
(3, 6, 0) (3, 6, 0) = (0,0, 0) (mod 9). 

Example 2.12: Let x = 3 + 4 (8, 4, 12, 8, 0, 4) where 3,4 g Zn 
and 8, 4, 12 g Zi 6 . We see x is only a dual number and 
x 2 = 9 + 16 (0 0 0 0 0 0) (as 8 2 3 0 (mod 16), 4 2 = 0 (mod 16), 
12 2 = 0 (mod 16) and 8 2 s 0 (mod 16)) + 24 (8, 4, 12, 8, 0, 4) 
(mod 17); x = 9 + 7 (8, 4, 12, 8, 0, 4) is a general dual modulo 
number. 

A natural question would be can be have for the dual 
number g to be a column matrix; yes provided we assume that 
the product is the natural product x n on the column matrices. 

We will illustrate this by some examples. 



“3“ 




“3" 


6 




6 


0 


; 3, 6 g Z 9 where 


0 


6 




6 


6 




6 



Example 2.13: Let x = 2 + 7 
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is a nilpotent new element of order two. 




is a column matrix with entries from Z 9 and under the natural 
product x n . 



3 3 9(mod9) 0 

6 6 36(mod9) 0 

Thus 0x0= 0(mod9) = 0 

6 6 36(mod9) 0 

6 J L 6 J |_36(mod9)J |_0 

Thus g can be a choosen column matrix which is a new 
element that gives dual numbers. 
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Example 2.14: Let 

“ 8 " 

4 

x = 10 + (-3) 12 with 10, -3 e Q and 4, 12, 8 e Z 16 , 

8 

4 

" 8 " 

4 

where g = 12 is a new element such that g 2 = (0). 

8 

4 

“ 8 " 

4 

We see x 2 = 100 - 60 12 using natural product on 

8 

4 

column matrices. 

Next we can also have g to be a m x n (m ^ n) rectangular 
matrix and still we get only a dual number provided g 2 = (0). 

We will illustrate this situation by some examples. 

Example 2.15: Let 

4 0 8 
4 0 4 
0 8 8 
0 4 4 



be such that -3 e Q and 8, 4, 8 e Z\ 6 . 
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4 0 8 
4 0 4 
0 8 8 
0 4 4 



is the nilpotent element of order two. 





"4 


0 


8" 




"4 


0 


8" 




4 


0 


4 




4 


0 


4 


We see x 1 = -9 + 


0 


8 


8 


x n 


0 


8 


8 




0 


4 


4 




0 


4 


4 



4 0 8 
4 0 4 
0 8 8 
0 4 4 





"16 


0 


64" 




"4 


0 


8" 




16 


0 


16 




4 


0 


4 


-9 + 


0 


64 


64 


-6 


0 


8 


8 




0 


16 


16 




0 


4 


4 



4 0 8 



0 4 4 



we have used natural product to find the value of x 2 . 



Thus x is a dual number with g 



4 0 8 
4 0 4 
0 8 8 
0 4 4 
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Example 2.16: Let 

"3 6 0 6“ 

x= 12 + 5 6 6 6 6 where 12, 5 e Z and 3, 6 e Z 9 
3 3 3 0 

"3 6 0 6" 

we see x is a dual number and g = 6 6 6 6 is the new 

3 3 3 0 

element such that g 2 = g x n g under the natural product of 

matrices. 

Finally we can replace the rectangular matrices by square 
matrices. We can arrive g such that g 2 = (0) is a nilpotent 
matrix under usual product or a nilpotent matrix under the 
natural product. We describe both by some examples. 

Flowever still those numbers will be known as the dual numbers 
only g is a square matrix with g 2 = (0). 

Example 2.17: Let 




under usual product. However g 2 ^ (0) under natural product, 



However x is a dual number. 

We have nice theorem for square matrices with entries from 
Q or Z or R. 
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THEOREM 2.4: x = a + b (m u ) nxn = a + bA where A = (my) is a 
dual number if and only if A x A = (my) x (my) = (0) that is if 
and only if A is a nilpotent matrix under usual product. 

Proof is direct and hence left as an exercise to the reader. 

Note however a matrix nilpotent under usual product will 
not be nilpotent under natural product x n . 

Example 2.18: Let 



x = 9 + 3 



f 4 8 

12 4 



12 " 

0 

12 , 



where 4, 8, 12 e Z J6 we find 



r 4 


8 


12"j 




2 4 


8 


12" 


12 


4 


0 


x n 


12 


4 


0 


v 8 


4 


12 J 




v 8 


4 


12 , 



(under natural product) = 



"0 0 0 " 
0 0 0 

v° 0 



so that 



x 2 = 81 +54 



f 4 

12 

V 8 



8 12 
4 0 
4 12 



Also under the usual matrix product 



f 


' 4 


8 


12' 


y 


9 + 3 


12 


4 


0 




V 


v 8 


4 


1 2 J 


y 




Dual Numbers 



23 



= 81+54 



f 4 8 

12 4 
V 8 4 



12" 

0 . 

12 , 



We have to make the study. If a square matrix A is such that 
A 2 = (0) under usual product A x n A = (0) 



(l 

However A = 

u 



-K 



is such that 



A 2 = 



"0 0 " 

v o o y 



under usual product; 



however A x n A 



1 1 

vl 1, 



+ ( 0 ). 



The converse that is if A is such that A x n A = (0) will 
A x A = (0). This is to be studied ? 

Now we can have the dual number to be a matrix e such that 
e 2 = (0) and a + eb is such that (a+eb) 2 = c + de for a, b, c and d 
reals. 

Now e can also be polynomials p(x) with coefficients from 
Z n and e = p(x) with e 2 = (0). 

For take p(x) = 3x 2 + 6x 2 + 6 with p(x) e Z 9 [x] we see 
(p(x)) 2 = 0. Thus a+bp(x), a, b e Z (or Q or R) is such that 
(a+bp(x)) 2 = c+dp(x) and (p(x)) 2 = 0. 

Thus we wish to state in a dual number the new element e 
can be modulo integers or matrices or polynomials or even 
intervals or interval matrices. 
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For take e = [3, 6] e N C (Z 9 ) we see e 2 = [9, 36] (mod 9) = 
[0,0] (mod 9). 

Thus a + be is a dual number. It is easily seen we can 
replace the interval by matrices A with interval entries such that 
A 2 = (0) the product can be natural product in case of column 
matrices and rectangular matrices. 

Interested reader can give examples of them as it is 
considered to be a matter of routine. 

Now we continue the notion of dual matrix number A + Be 
where A and B are matrices of same order with e 2 = 0, such that 
(A + Be) 2 = C + De, D and C matrices of same order. 

We illustrate this situation by some examples. 



Let 



“3 


2“ 




“2 


f 


7 


0 


+ 


1 


2 


1 


4 




5 


0 


5 


3 




8 


1 



where g = 5eZ 25 . 





“3 


2“ 




“2 


f 


9 


7 


0 




1 


2 


We see x = 2 


1 


4 


x n 


5 


0 




5 


3 




8 


1 





“3 


2“ 




"3 


2" 




“2 


f 




"2 


f 




7 


0 




7 


0 




1 


2 




1 


2 


+ 






x n 






+ 






X n 








1 


4 




1 


4 




5 


0 




5 


0 




5 


3 




_5 


3 




8 


1 




8 


1 



gxg 
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“ 6 


2“ 




"9 


4' 




' 4 


f 


7 


0 


g + 


49 


0 


+ 


1 


4 


5 


0 


1 


16 




25 


0 


_ 4 ° 


3 




25 


9 




64 


1 



“12 


4" 




“ 9 


4“ 


14 


0 


g + 


49 


0 


10 


0 


1 


16 


80 


6 




25 


9 



This is an example of a dual rectangular matrix number. 
Consider 



“3 


1 4 


2“ 




"7 


0 1 2“ 








+ 






0 


5 3 


7 




1 


1 1 3 



where g = 6 e Z 12 and the matrices take their entries from Z (or 
Q or R). We see y is a dual rectangular matrix number. 

Further 







“9 1 


16 


i 4 " 




“42 0 8 8 " 


y 2 


= 








+ 








0 25 


9 


49 




0 10 6 42 


as g 2 = 0 (mod 12). 










Example 2.19. 


• Let 












“3 


4 5“ 




“0 1 


2“ 




x = 


0 


1 2 


+ 


3 4 


5 


g where g = 2 e 




4 


5 7 




0 6 


0 
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“3 4 5“ 


2 


“3 4 5“ 




“0 1 2~ 


0 1 2 


+ 


0 1 2 


X 


3 4 5 


4 5 7 




4 5 7 
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x is a dual square matrix number. We can also using the 
same x find the square of x using natural product x n on 
matrices; 
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in that case x 2 = 
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0 
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20 




16 


25 


49 




0 


60 


0 



We see x 2 under usual product is not equal to x 2 under 
natural product x n of square matrices. 

Now we can find the dual polynomial number. 

We take x = p(x) + q(x) g where g 2 = 0 with 
p(x), q(x) e Z[x] (or R[x] or Q[x]). We see x 2 = r(x) + s(x)g 
where r(x), s(x) e Z[x] (or R[x] or Q[x]). 
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We will first illustrate this situation by some examples. 

Example 2.20: Let M = (x 3 + 2x + 1 ) + (x 2 + 5x + 7)g where 
g = 10 e Z 20 . 

Consider M 2 = [(x 3 + 2x + 1) + (x 2 + 5x + 7)g) 2 
— (x 3 + 2x + l) 2 + (x 3 + 2x +1) (x“ + 5x + 7)g. 

= (x 9 + 4x 2 + 1 + 4x 4 + 4x + 2x 3 ) + (x 5 + 2x 3 + x 2 + 5x 4 + 

10x 2 + 5x + 7x 3 + 14x + 7)g 

= (x 9 + 4x 4 + 2x 3 + 4x 2 + 1) + (x 5 + 5x 4 + 9x 3 + 1 lx 2 + 

19x + 7)g; 

where the polynomials take their entries from Z[x] (or Q[x] 
or R[x]). 

Example 2.21: Let n = (3x 3 - 4x + 2) + (2x - 7)g where g = 8 

G Zi6. 

We see n is a dual polynomial number. 

n 2 = (3x 3 - 4x + 2) 2 + 2(2x— 7) (3x 3 - 4x + 2)g 
= (9x 6 + 16x 2 + 4 + 12x 3 - 24x 4 - 16x) + 

2 (6x 4 - 2 lx 3 - 8x 2 + 28x + 4x - 14)g. 

= (9x 6 + 12x 3 - 24x 4 + 16x 2 - 16x + 4) + 

(12x 4 - 42x 3 - 16x 2 + 64x - 28)g 

is again in the form a = p(x) + q(x)g. 

We can replace e by a matrix A such that A 2 = (0) or a 
polynomial p(x) such that (p(x)) 2 = 0, still those will be dual 
matrix number or a dual polynomial number and so on. 

Now we proceed onto give algebraic structures on them. 

Let us proceed onto define structures on them. 
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Suppose M = {A + Bg | A, B g {set of all 1 x n row 
matrices with entries from R or Q or Z} and g 2 = 0 } . M is a 
general dual number row matrix ring. 

If A, B is replaced by m x 1 column matrix in M then M is a 
general dual number column matrix ring under natural product. 

If A and B in M is replaced by m x n (m ^ n) matrices then 
M is a general dual number rectangular matrix ring. 

On similar lines we can define general dual number square 
matrix ring commutative under natural product x n and a non 
commutative ring under usual product x. 

We will give examples of these rings in the following. 
Example 2.22: Let 

P = {A + Bg | A, B g {set of all n x 1 column matrices with 
entries from R or Q or Z} and g 2 = 0} be a general dual number 
column matrix ring under natural product x n . 

Example 2.23: Let 



S = {A + Bg | A, B g {set of all m x n (m ^ n) 

matrices with entries from R or Q or Z} with g 2 = 0} be the 
general dual number rectangular matrices dual number ring 
under natural product x n . 

Example 2.24: Let 





a i 




b, 


S = {A + Bg I A = 


a 2 


and B = 


b 2 




_ a 7_ 




_ b 7 _ 



a ; , bj g Z (or Q or R) 



g = 3 g Z 9 , 1 <i,j <7} 
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be the dual column matrix ring under the usual product x n . 
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and B = 
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then A + Bg = 
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(A + Bg) 2 = A 2 + B 2 g 2 + 2ABg (g 2 = 0 (mod 9)) 

= A 2 + 2 ABg. 

This way addition and natural multiplication is performed. 
S is a ring which is commutative. 



Example 2.25: Let S = {A + Bg | A, B e 3 x 3 square matrix 
with entries from Z or Q or R with g = 4 e Z 16 , g 2 = 0 (mod 
16)} be a ring which is commutative. S is a non commutative 
dual square matrix number ring. If the usual product is replaced 
by the natural product x n then S is a commutative dual square 
matrix number ring. 

Example 2.26: Let P = {A + Bg | A and B are 4x2 matrices 
with entries from Z or Q or R; with g = 5 e Z 2 s such that g 2 = 0 
(mod 25)} be the dual number commutative 4x2 matrix ring. 



Take x 



2 0 15 
7 3 0 2 
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2 0 3 
1 5 0 



ginP. 
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2 0 3 
1 5 0 



We find x 2 = 
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(g 2 = 0 so the last term is 0). We see P is a dual 4x2 
matrix number ring. 

Example 2.27: Let T = {A + Bg | A and B are 2x5 rectangular 
matrices with entries from Z (or Q or R) where g = 3 e Z 9 and 
g 2 = 0 (mod 9)} be a dual number rectangular 2x5 matrix ring 
under natural product x n . 
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geP, 



g e P. 



This is the way dual number rectangular 2x5 matrix ring is 
obtained. 

We have seen in a dual number a + bg with a, b e Z (or Q 
or R) can be replaced bymxn matrices where m = 1 or n = 1 or 
m ^ n then we call the dual number to be dual matrix number. 




